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Section 5.1 — Algorithmic Complexity and Recurrence
Relations

» A Recurrence Relation is a way to define a function by an
expression involving the same function.

» Ex: Fibonacci Numbers.
F(0) = 1, F(1) = 1,
F(n) = F(n-1) + F(n-2)

> |If we wish to compute the 120" Fibonacci Number, F(120), we
could compute F(0), F(1), F(2), ...F(118), and F(119) to
arrive at F(120).

» Thus, to compute F(k) in this manner would take k steps.



Fibonacci Closed Form Expression

» It would be more convenient, not to mention more efficient, to
have an explicit or closed form expression to compute F(n).

» Actually, for Fibonacci numbers, it's:

F(n) = % (1+2\/§)n — % (1—2V5)",v natural numbers n > 1



Solving Recurrence Relations

There are many methods for solving recurrence relations for their
explicit or closed form solution. Here are three:

1. Substitution Method — guess a bound and prove it correct by
mathematical induction

2. Iteration Method (used on Recurrence Relations with Full
History, i.e., the n' term depends on all the previous values of a
function.)

Idea: convert the recurrence to a summation and rely on
summation bounding techniques to solve the recurrence

3. Master Method (aka, Divide and Conquer).

» provides a “cookbook” or formula
» Recurrence must have the form:
T(n)=aT(g) + f(n)
where a > 1, b > 1, and f(n) will have some restrictions



The Master Method

Recurrences with the form T(n) = aT(g) + f(n) occur when we
have an algorithm that

» DIVIDES a problem of size n into a subproblems,
» each of size l_’;

» with a cost of dividing and recombining of f(n).

Note: 7 can mean either [ 7] or [7]



Theorem. The solution of the recurrence relation
T(n)=aT(3) + cn, where a and b are integer constants, a > 1
and b > 2, and ¢ and k are positive constants, is:

[ O(nos:2))  if a> b
T(n)=4q O(n*logy(n) if a=bk
\ O(n*) if a< b

Note: We are using a weak form of the Master Method in this course.

Another form exists which doesn't restrict the form of f(n) to cn*.



Applying the Master Method

> T(n) =9T(3)+4n°, assuming n=3" m>1
Thus, the algorithm divides the problem into 9 subproblems, each
of size %n, with a cost of dividing and recombining of 4n°.

a = b = c = k =

> T(n)=7T(3)+18n? assuming n=2", m>1



» T(n) =2T(5) +n+1, assuming n =2", m>1

» T(n) =2T(5)+ nlogn, assuming n =2", m>1



Multiplying n—digit Numbers

x1 x2 x1 A
.yl >

|:| y2 y1 C

Single Multiply Two-Digit Multiply Four—Digit Multiply
1x1=1 2x2=4 4x4=16

1. The time it takes to multiply n digits is 4 x the time it takes to
multiply 5 digits

2. Then we must sum the products — let's say we can do this in 2n
time.



Thus, in this divide and conquer strategy, we:
1. create 4 subproblems,
2. each half the size of the original (3n),

3. with cost 2n of dividing and recombining.

Hence, T(n) =4T(5)+2n
a = b = c = k =



Section 5.2 — Solving Recurrence Relations

» Recurrence relations which express the terms of a sequence as a
linear combination of previous terms can be explicitly solved
in a systematic way.

» Definition A linear homogeneous recurrence relation of
degree k with constant coefficients is a recurrence relation
of the form:

a, = Clap_1+ Gap_o+ -+ Ckan_k

where c1, ¢, ..., cx are real numbers, and ¢, # 0



Linear: the right—hand side is a sum of multiples of the
previous terms of the sequence.

Homogeneous: no terms occur that are not multiples of the
aj's
j

Coefficients: all of the terms of the sequence are constants
(rather than functions dependent on n)

Degree: is k because a, is expressed in terms of the previous k
terms of the sequence.



A sequence satisfying the recurrence relation in the definition is
uniquely determined by this recurrence relation and the k initial
conditions:

ap = (o, ap = (G, ak—1 = Cx_1,

Examples of linear homogeneous recurrence relations:

P,=3P,_; degree one
f,="Ff_1+f_o degree two
ap = an_s degree five

Examples which are not linear homogeneous recurrence relations:

a, = ap_1+a>_, not linear
H,=2H,_1+2 not homogeneous
B, = nB,_s doesn’t have constant

coefficient



Solving Linear Homogeneous Recurrence —

Relations with Constant Coefficients
Idea: look for solutions of the form a, = r", where r is a constant.
Note: a, = r" is a solution of the recurrence relation:

ap = Clap—1 + Cap—2 + ... + Ckan—«k
if and only if
= car" ! + or"? + ... 4+ r"k

Now, divide both sides of the equation by r"~, and subtract the
right—hand side from the left:

ko — okl — ork=2 — . — ir — =0

This is the characteristic equation of the recurrence relation.

Note: The sequence {a,} with a, = r" is a solution IFF ris a
solution to the characteristic equation.



Characteristic Roots

The solutions of the characteristic equation are called the
characteristic roots of the recurrence relation.

They can be used to create an explicit formula for all the solutions
of the recurrence relation.

Theorem 1. Let ¢; and ¢, be real numbers. Suppose that
P —cr —c =20

has two distinct roots, r; and rp. Then the sequence {a,} is a
solution of the recurrence relation
an = Clap-1 + Cap-2

if and only if
an = oq 1 + oy

forn=20,1,2,..., where oc; and o, are constants



Solving Recurrence Relations, Example |

a=2, a=7,and a,=a,_1+2a,_2

We see that c; =1 and ¢ = 2
Characteristic Equation: r> — r — 2 = 0
Roots: r=2and r= -1

Thus, the sequence {a,} is a solution to the recurrence relation
IFF

an = o1 2" + oo (—1)”

for some constants oc; and oy



Solving Recurrence Relations, Example | — Cont.

From the initial conditions, it follows that:

ag = 2 = oq1(2° + o (-1)°
aa = 1 = oq (21)+ (04 (—1)1

Solving these two equations yields:
x; =3 and o, = -1

Therefore, the solution to the recurrence relation and initial
conditions is the sequence {a,} with:

an = 3(2)" - (=1)”



Solving Recurrence Relations, Example Il

Fo=0, Fi=1,and F

n—1 + Fn72
We see that g =1l and ¢ =1
Characteristic Equation: r> — r — 1 = 0
Roots: r = —1+2‘/§ and r= 1_2\/5

Thus, it follows that the Fibonacci numbers are given by

Fn:OC1(1+f)+OC(1\[)

for some constants oc; and oy



Solving Recurrence Relations, Example Il — Cont.

From the initial conditions, it follows that:

FO = 0 = o5} + 06}
o= 1 = o (58) + o (55

Solving these two equations yields:

1

1
o= ——
1 \/5

and Olr= _ﬁ

Therefore, the solution to the recurrence relation and initial
conditions is the sequence {F,} with:

F, = (1+2\/§)n _ 1 (17\@),1

S



Solving Recurrence Relations, Example Il

a=1, a=1,and a,=2a, 1+ 3a, >

We see that ¢t =2 and ¢ = 3

Characteristic Equation: r> — 2r — 3 = 0

Roots: r=3and r=-1

Thus, the sequence {a,} is a solution to the recurrence relation
IFF
a, = o13" + oo (—1)"

for some constants oc; and o;



Solving Recurrence Relations, Example Il — Cont.

From the initial conditions, it follows that:

aa = 1 = oq + o
ag = 1 = ogq (3) + (*1)
Solving these two equations yields: o = % and oo

Therefore, the solution to the recurrence relation and initial
conditions is the sequence {a,} with:

a = 33" + 31

N



Solving Recurrence Relations, Example IV

a=1, a=-2,and a,=5a,1—6a,

We see that ¢t =5 and ¢ = —6

Characteristic Equation: r> — 5r + 6 = 0
Roots: r=2and r=3

Thus, the sequence {a,} is a solution to the recurrence relation
IFF

an = o12" + o 3"

for some constants oc; and o



Solving Recurrence Relations, Example IV — Cont.

From the initial conditions, it follows that:
aa = 1 = oq + o

aa = -2 = oq (2) + o (3)

Solving these two equations yields:

oG = 5 and Xy = — 4

Therefore, the solution to the recurrence relation and initial
conditions is the sequence {a,} with:

a, = 5(2)" — 4(3)"



Solving Recurrence Relations, Example V

a=0, a=1and a,=a, 1+ 6a,

We see that c; =1 and cp = 6
Characteristic Equation: r> — r — 6 = 0

Roots: r=3and r = -2

Thus, the sequence {a,} is a solution to the recurrence relation
IFF

a, = o13" + oo (—2)"

for some constants oc; and o;



Solving Recurrence Relations, Example V

From the initial conditions, it follows that:

a9 = 0 = og + oo
aa = 1 = o1(3) + o (-2)

Solving these two equations yields:

Q=

and o = —

1

Therefore, the solution to the recurrence relation and initial
conditions is the sequence {a,} with:

= 33" ~ L2



What To Do When There's Only One Root?

Theorem 1 does not apply when there is a single characteristic
root of multiplicity two.

Theorem 2. Let ¢; and ¢, be real numbers. Suppose that

P —cr —co =20
has only one root, ry. Then the sequence {a,} is a solution of the
recurrence relation

an = Clap—1 + Cap—2
if and only if
a, = oqry + o nry

forn=0,1,2,..., where oc; and o, are constants

Notice the extra factor of n in the second term!



Single Root, Example |
a=1, a =6,and a,=06a,_1—9a,—»

We see that ¢ =6 and ¢ = —9

Characteristic Equation: r> — 6r + 9 = 0
Root: r = 3 with multiplicity 2

Thus, the sequence {a,} is a solution to the recurrence relation
IFF

ap = o4 3" + o n(3)"

for some constants oc; and o



Single Root, Example | — Cont.

From the initial conditions, it follows that:

a = 1 = o4
aa = 6 = o (3) + o0 (3)
Solving these two equations yields: o; = 1 and o =1

Therefore, the solution to the recurrence relation and initial
conditions is the sequence {a,} with:

an = (3)" + n(3)"



Single Root, Example Il
a=1, a=3,and a,=4a,_1—4a,—>

We see that c; =4 and ¢ = —4

Characteristic Equation: r> — 4r + 4 = 0
Root: r = 2 with multiplicity 2

Thus, the sequence {a,} is a solution to the recurrence relation
IFF

an = o1 2" + oo n2"

for some constants oc; and o



Single Root, Example Il — Cont.

From the initial conditions, it follows that:

a = 1 = og]
aa = 3 = o1(2) + o2 (2)
Solving these two equations yields: o3 = 1 and op = %

Therefore, the solution to the recurrence relation and initial
conditions is the sequence {a,} with:

an = 2" + 2" = 2"+ np2"71



Single Root, Example Il
a=1, a =12, and a,=8a,_1— 16a,-»

We see that ¢t =8 and ¢o = —16

Characteristic Equation: r> — 8r + 16 = 0
Root: r = 4 with multiplicity 2

Thus, the sequence {a,} is a solution to the recurrence relation
IFF

ap, = oq 4" + o nd"

for some constants oc; and o



Single Root, Example Ill — Cont.

From the initial conditions, it follows that:

a = 1 =
a1 = 12 = og (4) + 0 (4)
Solving these two equations yields: o3 = 1 and o = 2

Therefore, the solution to the recurrence relation and initial
conditions is the sequence {a,} with:

a, = (4)" — 2n(4)"



Single Root, Example IV

ap =2, ai=>5 and a,=2a,-1— an—2

We see that ¢t =2 and o = —1

Characteristic Equation: r> — 2r + 1 = 0
Root: r =1 with multiplicity 2

Thus, the sequence {a,} is a solution to the recurrence relation
IFF

ap = oq 1" + o n(1)”

for some constants oc; and o



Single Root, Example IV — Cont.

From the initial conditions, it follows that:

a = 2 = eg]
aa = 5 = o5 (1) + o (1)
Solving these two equations yields: o = 2 and o = 3

Therefore, the solution to the recurrence relation and initial
conditions is the sequence {a,} with:

an = 2(1)" + 3n(1)" = 2+3n



Solving Recurrence Relations

Definition. A linear homogeneous recurrence relation of
degree k with constant coefficients is a recurrence relation of

the form:

ap = CQap-1 + Cap—2 + ... + Ckan—k

where ¢1, ¢, ..., ¢k are real numbers, and ¢, # O.
Theorem 3. Let ¢1, ¢, ..., ¢k be real numbers. Suppose that
the characteristic equation
ke — qrk — .. — ¢ =0

has k distinct roots, r, ra, ..., rk. Then the sequence {a,} is a
solution of the recurrence relation

an = Clap-1 + Cap—2 + ... + Ckan—k

if and only if
a, = OClr{' -+ oc2r2” + ...+ ockr,?
forn=0,1,2,..., where oc;, o5, ..., o are constants



Multiple Distinct Roots, Example |

a=2, ai=5  a=15 and a,=06a,_1—1lla,_»+6a,_3

We see that ¢; =6, co = —11, and c3 =6
Characteristic Equation:

P —6r2 +1lr — 6 = (r—1)(r—2)(r—-3) =0
Roots: r=1, r=2, and r=3

Thus, the sequence {a,} is a solution to the recurrence relation
IFF

apn = o1 1" + 02" + oz 3”
for some constants ocy, o, and o3



Multiple Distinct Roots, Example | — Cont.

From the initial conditions, it follows that:

ag = 2 = o1 + o + o3

a = = o1 + o2(2) + a3 (3)

aa = 15 = o3 + op(4) + o3 (9)
Solving: o3y =1, op = —1, and o3 = 2

Therefore, the solution to the recurrence relation and initial
conditions is the sequence {a,} with:

an =1 — 2" + 2(3)".



Multiple Distinct Roots, Example Il
a=4, a=-9 a=-9 and a,=4a,.1—a,_o>—6a,_3

We see that ¢c; =4, o = —1, and c3 = —6

Characteristic Equation:
P =4 + r+6 = (r+1)(r-2)(r—3) =0

Roots: r=-1, r=2, and r=3

Thus, the sequence {a,} is a solution to the recurrence relation
IFF

an = 1 (—1)" + 02" + oz 3"

for some constants ocy, o, and o3



Multiple Distinct Roots, Example II — Cont.

From the initial conditions, it follows that:
a0 = 4 = o (-1)° + 2% + o330
= o1 + X2 + o3
aa = -9 = o (—1)1 4+ o 21 + o3 3l
= —og + 20 + 3OC3
a = 9 = o (—].)2 4+ o 22 + o3 32
= o1 -+ 40(2 —+ 90(3



Multiple Distinct Roots, Example II — Cont.

Solving: o3 =5, op =1, and o3z = —2

Therefore, the solution to the recurrence relation and initial
conditions is the sequence {a,} with:

a, = 5(=1)" + 2" — 2(3)".



Solutions to General Recurrence Relations

The next theorem states the most general result about linear
homogeneous recurrence relations with constant coefficients,
allowing the characteristic equation to have multiple roots.

Key Point: for each root r of the characteristic equation, the
general solution has a summand of the form P(n)r", where P(n) is
a polynomial of degree m — 1, with m the multiplicity of this
root.



Theorem 4. Let c1, ¢, ..., ¢, be real numbers. Suppose that
the characteristic equation

rk—arkl — .. — g =0
» has t distinct roots, r, r», ..., ry, with
» multiplicities my, mo, ..., m;, respectively, so
» mi>1fori = 1,2,...,t, and

>»m + m + ... + my = k.



Then a sequence {a,} is a solution of the recurrence relation

ap = Clap-1 + Cap—2 + ... + Ckan—«k
if and only if
an = (10 + ocqgin + o0+ g m—1 nml_l)rln
+ (OC2’0 + o1 n + ... + X2 m,-1 n’"2*1)r2”
+
+  (oceo + e n 4+ ...+ Cpme1 ™Y
for n=0,1,2,..., where the oc;; are constants

forl§i§tand0§j§mi—1



Multiple Roots, Example |

If a linear homogeneous recurrence relation has a characteristic
equation with roots 2, 2, 2, 5, 5, and 9, then the form of a general
solution is:

an = (o0 4+ ocqin + o n?)2”
+ (OC2’0 -+ 21 n)5”
+ (OC3,’0)9'7



Multiple Roots, Example Il
a=1 a=-2, a=-1, and a,= —3a,_1—3ap—2 — an—3

We see that c; = —3, o = —3,and ¢35 = —1

Characteristic Equation: r> + 3r2 + 3r + 1 = 0

Since r* 4+ 3r2 + 3r + 1 = (r+1)3, the characteristic
equation has a single root, r = —1, of multiplicity three.

By Theorem 4., the solutions of this recurrence relation are of the
form:

a, = 10 (—1)” + 1,1 n(—l)” -+ 1,2 n2(_1)n
for some constants ocy g, o1 1, and oo



Multiple Roots, Example Il — Cont.

From the initial conditions, it follows that:

a = 1 = o0(-1)°% + oq70(=1)° + o1 0%(—1)°
a1 = 2 = oqo (-1t + o1 1H(=1)F + o 12(—1)!
2 = -1 = oo (-1)? + o1 2H(-1)? + oqp2%(-1)?
or

1 = OC170

-2 = —oq0 — o1 — 12

-1 = oqo 4+ 20q1 + 4o



Multiple Roots, Example Il — Cont.

Solving these three equations simultaneously yields:
a0 = 1, o1 = 3, X1 = —2

Thus, the unique solution to the recurrence relation and initial
conditions is the sequence {a,} with:

an = (1 + 3n — 2n?)(=1)"



Multiple Roots, Example Il
a=1 a=1, a =2, and a,=3a,_1—3ap—2+ an—3

We seethat ¢; =3, o = —3,and c3 =1

Characteristic Equation: r> — 3r2 + 3r — 1 = 0

Since r* — 3r2 + 3r — 1 = (r—1)3, the characteristic
equation has a single root, r = 1, of multiplicity three.

By Theorem 4., the solutions of this recurrence relation are of the
form:

an = oo (1) + ocqq n(1)™ + ocpp n?(1)"

for some constants o1 g, ocp 1, and oo



Multiple Roots, Example IIl — Cont.

From the initial conditions, it follows that:

ag = 1 = 1,0 (1)0 + o 01(1)0 + o2 02(1)0
a = 1 = 1,0 (1)1 + 11 ]_1(]_)1 + X12 12(1)1
a = 2 = 1,0 (1)2 + o1 21(1)2 + o2 22(1)2
or
1 = oy
1 = oqp + o1 + X2
2 = oq0 + 201 + by

Solving these three equations simultaneously yields:

N|=

1
a0 = 1, X1 = — 3, X1 =



Multiple Roots, Example IIl — Cont.

Thus, the unique solution to the recurrence relation and initial
conditions is the sequence {a,} with:



Multiple Roots, Example IV

a=0, a=1, a=2, a3=3, and a,=2a,_2— an_4

We see that c; =0, o =2, c3 =0, and ¢ = —1

Characteristic Equation: r* — 0r> — 2r> — 0r + 1 = 0
or, -2 +1 =0

Since r* — 2r2 + 1 = (r?—1)2 = (r—1)%(r +1)? the

characteristic equation has two roots, n =1 and rn» = —1, each of

multiplicity two.

Solutions of this recurrence relation are of the form:

an = (oot o n)(1)" +
(0c20 + o2, n)(—=1)"

for some constants o1 g, o1,1, S0, and oo 1



Multiple Roots, Example IV — Cont.

From the initial conditions, it follows that:

a0 = 0 = (a0 + oaa 0N + (a0 + o 0)(-1)°
= 1,0 + 20

ai = 1 = (0(1,0 + OC171 11)(1)1 + (0(2,0 + 0(271 11)(_1)1
= %0 + 11 - X0 — 21

» = 2 = (cap + ca12)(1)? + (o0 + oan2Y)(-1)°
= o110 + 20(1,1 + oo + 20(2,1

a3 = 3 = (o0 4+ «13Y)(1) + (020 + o1 3h)(-1)°
= o0 + 301 — oo — 3ap)

Solving these three equations simultaneously yields:

1,0 = OO0 = 21 = 0 and X171 = 1

)



Multiple Roots, Example IV — Cont.

Thus, the unique solution to the recurrence relation and initial
conditions is the sequence {a,} with:

aw = (0 + 1n)1" + (0 + On)(—1)"

= n



Linear Nonhomogeneous Recurrence Relations with
Constant Coefficients

LNRRwCC have the form:

an = Clap-1 + Qap—2 + ... + ckan—k + F(n)
where ¢1, ¢, ..., ¢k are real numbers, and F(n) is not identically 0,
depending only on n.

The associated homogeneous recurrence relation is:

ap = Cap-1 + Cap—2 + ... + Ckan—k



LNRRwCC Examples

apn-1+ 2"
ap-1+ap—2+ ’72
33,,_1 =+ n3"

an-1+ap—2+ap3+ n!



Theorem 5. If {af,p)} is a particular solution of the
nonhomogeneous linear recurrence relation with constant
coefficients

ap = Cap-1 + @an—2 + ... + ckan—x + F(n)

then every solution is of the form {ag,p) + ag,h)}, where {ag,h)} is a
solution of the associated homogeneous recurrence relation

an = Ciap—1 + Can—o + ... + Ckan_«k




Key idea: every solution to a linear nonhomogeneous recurrence
relation with constant coefficients is the sum of a particular
solution and a solution of the associated linear homogeneous
recurrence relation.

In other words, find a particular solution. .. every solution is a
sum of this solution and a solution of the associated linear
homogeneous recurrence relation.



LNRRwCC Example
a, = 3a,_.1 + 2n

Associated linear homogeneous equation: a, = 3a, 3
with solution {ag,h)} = o 3", where o is a constant.

Finding a Particular Solution:

Since F(n) = 2nis a polynomial in n of degree 1, a good guess
would be a linear function in n, p, = cn + d, where ¢ and d are
constants.

So, for a, = 3ap—1 + 2n try:

ecn +d = 3(c(n—1) + d) + 2n
cn +d = 3cn — 3¢ + 3d + 2n
2cn — 3¢ +2d +2n = 0

(24+2c)n + (2d—-3¢c) = 0



Then cn + d is a solution IFF

242c = 0
2c = =2
c = -1
and
2d -3¢ = 0
2d -3(-1) = 0
2d4+3 = 0
d = -3

Thus, a,(qp) =cn+d = —n — % is a particular solution.



By Theorem 5, all solutions are of the form:
a, = aP) + M = —n—3 4+ «3"

1) When a; = 3, thenn = 1 and:

aa =3 = —1—%4— o 31
3 —2 + o3t
% = o3l
TR

i is: — 3 11
So the solutionis: a, = —n—35 + (%)3"



To double check, determine ay using both the original definition
and the new closed form:

a = 3a1 + 2(2)
9+ 4
= 13

and

a = —n—%+%3”
3 11
—2-5+%(9)

7 11x3

2t 72

33—7 _ 26

= 13




i) Now, suppose a3 = 2. Thenn = 1, and:
a =2 = -1-3 + «3t
2 = —% + o3t
% = o 3!
% =

So the solution is:  a, = —n—3 + (3)3"



To double check, determine ay using both the original definition
and the new closed form:

an = 3a1 + 2(2)
3(2) + 4
= 10
and
a» = —n—%+%3"
“2-3+309
— 7,27
= T27t7%
20
2

= 10



